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Abstract. Prof. L.I. Baron identified five forms of destruction during uniaxial compression of 

samples of regular geometry of rocks including truncated wedge, wedge, diagonal, 

longitudinal, and explosive forms. All of them are commonly characterized by the destruction 

of samples in their central parts showing two or more cracks, while the trajectories of crack 

development align with the corner points of the samples. Recently, was unexpectedly 

discovered a spall fracture in the form of a single crack emerged from the side wall of the 

specimen and propagating into it under uniaxial compression. Based on the discovery, the 

method for creating stress-strain diagrams for high rock samples was developed using four 

rock properties such as rock shear resistance limit, contact friction ratio, internal friction ratio, 

and modulus of elasticity. The stress-strain diagram of the spall fracture of high samples is 

described by a descending curve, which is typical for the diagrams of fracture created by two 

adjacent cracks of regular geometry samples. The maximum stresses required for the 

destruction of high rock samples are lower than those for the destruction of regular geometry 

samples of rocks with similar physical and mechanical properties. 

1. Introduction 

One of the important informative characteristics necessary to control the stress-strain state of rocks 

and their effective destruction on the disintegrating device. The important informative characteristics 

are the ultimate strength and residual strength of the samples, determined by the longitudinal stress-

strain diagrams of their ultimate strength destruction [1-8]. 

In Ukraine, since the 1960s, these characteristics have been taken on special presses, which are 

available in certain research institutes, for example, in the Institute of Geotechnical Mechanics of the 

National Academy of Sciences of Ukraine and Kryvyi Rih National University. However, these works 

require highly qualified personnel, and the equipment is located far from the consumer, where up-to-

date information about the properties of rocks is required. Therefore, there is a need to develop 

analytical methods for calculating the ultimate and residual strength of samples while knowing the 

properties of rocks determined by simple methods available to mining enterprises. 
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Previously, attempts were made to mathematically model the destruction of samples [9–15]. But 

these models have not been tailored to the level of complete analytical methods for calculating the 

parameters of the “normal stress–longitudinal strain” diagrams of the rock samples' ultimate fracture. 

To determine the experimental ultimate strength of rocks, prismatic or cylindrical samples are used. 

Detailed methods for the analytical determination of the ultimate strength for prismatic samples are 

described in the book [16]. The authors used five experimental forms of destruction of regular 

geometry samples, established by prof. L.I. Baron [1, 2]: truncated wedge, wedge, diagonal, 

longitudinal, and explosive forms. The term "samples of regular geometry" refers to samples of only 

cubic or cylindrical geometry, in which h/  d =  1 (where h - the height, m; d is the sample diameter, 

m). It should be noted that we are talking about the destruction of monolithic, non-layered samples, 

and not about the phenomenon of cleavage along the plane of oblique layering in the rock the sample 

was made of. All forms according to L. I. Baron are commonly characterized by the destruction of 

samples in their central part showing two or more cracks, while the trajectories of crack development 

align with the corner points of the samples. For many years, other forms of destruction were not 

encountered in the literature. Recently, we have unexpectedly discovered a spall fracture form under 

uniaxial compression of high samples, which is completely different from the forms according to 

L. I. Baron. It is a single crack emerging from the side wall of the sample and propagating into it, 

forming a piece m1 d1 c1 (figure 1). In the figure, we have schematically depicted the formation of the 

trajectories of the maximum effective shear stresses (TMESS) under uniaxial compression of a high 

specimen on the sides of which cracks appear and develop. 

  

Figure 1. Scheme τc of a side crack formation in the 

sample: ox and oy axes; o, b, c, c1 – sample corner 

points; n–n1 – the horizontal axis of symmetry; a and h - 

the width (length) and height of the sample; σу – vertical 

normal stresses τс – contact tangential stresses; ξl, ξr, ηl 

and ηr – TMESS; m and m1 – the exit points of TMESS ξl 

and ξr on the side surface; d1 and d2 – the exit points to 

TMESS nl and nr to the lower contact plane. 

On the basis of the figure, we formulate the purpose of the article which is to develop a method for 

calculating the parameters of the "stress - strain" diagram of the high sample destruction. 

2. Methods 

As a destruction criterion, we take the Coulomb formula used in rock mechanics in τс 

e α α k  = −  , (1) 

where τе – effective shear stress, Ра; τα – active shear stress, Ра; µ – internal friction ratio; σα – normal 

stress on the effective shear stress trajectory, Ра; k – rock shear resistance limit, Ра. 
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In formula (1) the parameter e is represented as the external effective shear stress (EЕS) 

counteracted by the shear strength k inside the material. As long as the active shear stress, with the 

exception of internal friction losses, has not reached the maximum possible value of the internal shear 

resistance k for the given conditions, a stable balance of forces is maintained. When e exceeds the 

value of k a crack is formed at some point. 

Equation (1) in principal normal stresses is as follows 

 
x y x y x y

e c c
2 2

sin2 1 cos2 cos2 1 sin2
2 2 2

y y
k

h h

     
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where σх and σу – horizontal and vertical normal stresses, Ра; c – contact shear stress, Pa; α – the 

slope angle of TMESS, rad; у – ordinate of the considered point, m; h – the sample height, m. 

We assume that the horizontal shear stresses (τс, Pa) according to the Amonton-Coulomb law are 

expressed by the formula 

  τс = fc σу, (3) 

where fc – contact friction ratio. 

Horizontal normal stresses during uniaxial compression of the sample arise from contact friction 

between the sample and the loading plate and are described by the formula [17, 18] 
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The expression c y xy
2

1
y

f
h

 
 
− = 

 
 indicates the attenuation of contact shear stresses along the 

longitudinal axis of the sample. The slope angle (α, rad) TMESS to attain the maximum value of τе is 

determined by the zero value of the derivative (2) in the above expression. 

Then, 
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where xy  – horizontal shear stress, Pa. 

Each form of destruction of samples has its own characteristics. A common feature of the fracture 

forms described in the book [16], in contrast to the form shown in figure 1, is the exit of TMESS from 

the sample corners from above and below to the opposite contact surface. According to figure 1, the 

TMESS s come out on the side walls of the high sample. To determine the points m1 and m2 of the 

TMESS exit to the side walls, a program for a PC was developed according to the method from the 

book [16]. The distribution of contact normal stresses from above and below (figure 1) is described 

according to L. Prandtl's law by the formula 

 0

c
y

2
1i y

f x

h
 

 
= + 

 
, (7) 

and tangents is described by the formula  
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where σуi – current value of normal stresses, Ра; σу0 – normal stress at the corner point, Ра; х – the 

abscissa of the point under consideration, m.  
L. Prandtl [16] proved that the normal stresses remain constant along their action. In the mentioned 

book, we have proved that these formulas are also applicable inside the sample when σу0 is replaced by 

σу which is the normal stress at the crack tip. Under contact loading, contact shear stresses develop 

inside bodies, as shown in figure 1. In the figure, vertical normal stresses applied from above and 

below the sample are shown in the form of triangles and described by formula (7). During longitudinal 

compression, friction forces that are directed against transverse deformation appear between the 

sample and the loading plates. These friction forces are represented by horizontal tangential stresses 

(c, Ра), directed inside the sample and described by formula (8). The trajectories (TMESS) along 

which deformations develop, up to destructive ones, are indicated by ξl (left), ξr (right). ηl (left) and ηr 

(right) TMESS are shown schematically with rotations reflecting the effect of tangential stresses on 

them from contact friction. 

The calculation is carried out in two stages. In the first stage, the exit point of TMESS on the side 

surface of the sample is determined. Note that the strength of the samples, in addition to the shear 

strength of the material, is also determined by the magnitude of the change in the TMESS angles due 

to contact friction. 

The trajectories of maximum shear stresses are determined by the formula (6), and the normal 

stress ( ξy , Ра) at the crack tip is determined by the formula 
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where k – the rock shear resistance limit, Pa; bξ – the ratio of horizontal shear stresses from contact 

friction to shear stresses from shear strength of the material and from internal friction at the crack tip; 

ξx  – the abscissa of the crack tip, m; bm1– the ratio of horizontal shear stresses from contact friction to 

shear stresses from shear strength of the material and from internal friction at the point where TMESS 

emerges on the side surface; xm1  –  the abscissa of the TMESS exit point on the lateral surface. m; βξ – 

the angle of rotation TMESS due to contact friction at the crack tip, rad; βm1 – the angle of rotation 

TMESS from contact friction at the point of exit of TMESS to the side surface, rad; km1 – shear stress 

on TMESS at the point of its exit to the side surface, Pa. By transforming the formula (6) we get the 

angle (rad) of TMESS inclination. 

 ξ
π

4 2


 = + + , (15) 

where ρ – the angle of internal friction, rad. 

Let's write down the following initial conditions: k = 10 MPa; µ =1.0; ρ =45 rad; fc=0.25; 

Е = 500 МРа; h =2.5a; а = 1.  

The book [16] shows that the formation of TMESS in one form or another aligns with the sample 

angles. For cubic samples, TMESS fits into the dimensions of the sample, enters one contact plane, 

and exits the opposite plane. Due to different rock strength values, commonly, there appears one crack 

that causes the development of another symmetrical crack. So, as in our case (figure 1), the left 

trajectory TMESS does not fit into the dimensions of the sample and extends onto its side surface at 

the point m1. At this point, the horizontal shear stresses arising from contact friction are less than 

those on the contact plane due to their attenuation. It forms a point with minimal resistance to 

destruction. A crack develops from this point in the lower right quarter of the image. To determine the 

coordinates of the mentioned point, the system of equations [6] and [9] - [17] was used with a slight 

correction of the sign from minus to plus in the formula (12), which was verified when creating stress-

strain diagrams for the fracture forms of the samples considered in the book [16]. The calculation 

results in the point m1 with coordinates x0 = 1a and у0=2а. Now it is necessary to determine a new 

TMESS, along which a crack will appear and develop. 

But when choosing signs in expressions (11) and (12), the equality condition is km1= k exit TMESS 

at the point m1 on the lateral surface. Then another TMESS η is formed and its slope angle is 

determined by the formula obtained from the expression (6) transformation: 

 1η η
3π

4 2


 = + +

, (16) 

where αη - trajectory inclination angle TMESS horizontal plane; βηl - trajectory rotation angle at the 

crack tip due to contact friction.  
The signs in expressions (11) and (12) remain positive, and to match the equality kml= k at the point 

d1 you need to use the minus sign in the exponents of formulas (9) and (10). Then, based on the 

solution of the systems (9) - (14) and formula (16), we will obtain the curve mldl (figure 1). 

3. Results and discussion 

Now, using the numerical values of the previously given four physical and mechanical properties of 

the rock, we can build a stress-strain diagram. The diagram is built on the following principle. 

Knowing the value of coordinates and stresses of τе of the tops of one or two cracks at each moment, 

we can determine the bearing part of the sample material, which is equal to the initial area of the latter 

minus the part of its area that was released from the load during the development of the crack. The part 
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of the sample released from the load is determined by using the values of the crack tip abscissa as 
 ctgx y =  . Knowing the stresses y at the crack tip, its coordinates, and the distribution function of 

contact stresses on the part that is still under the load ( the bearing part of the sample), it is possible to 

determine the strength value of the sample if you have the values of three properties including the 

shear strength limit k, external and internal friction ratios, and if you know the fourth parameter E - the 

modulus of elasticity, MPa you can determine the parameters of the stress-strain diagram. A more 

detailed description of the formation of common forms of fracture is given in the book [16]. We use 

ready-made formulas borrowed from the mentioned book for one crack, and determine the parameters 

of the conditional stress-strain diagram 

 
( ) ( )

ξ

2

ξ c ξ
c y

2

a x f a x

а hа
 

 
− − 

= +
 
 
 

, (17) 

 
p

E
 = , (18) 

 с

1 ξ

p
a x


=

−
, (19) 

where σc – current strength value, Ра; ξx  – crack tip abscissa, m; ε – longitudinal deformation; р –

specific force, Ра; E –Young's modulus of elasticity. 

Figure 2 shows the stress-strain diagram for k = 10 MPa, ρ = 45°, fc = 0.25, Е = 5000 МРа during 

the development of a crack m1 d1 (figure 1). The maximum stress was 138 MPa, which is significantly 

lower than the stress of 603 MPa required to fracture a rock sample of regular geometry with the same 

properties [16]. 

  

1 – a=1 m, h=2.5 m; 2 – a=1 m, h=3 m 

Figure 2. Diagram "stress - longitudinal strain" at the 

destruction of a high sample. 

It is also important to pay attention to the fact that for one spall crack, the diagram is described by a 

descending curve, in contrast to the fracture forms described by L. I. Baron. The authors of the book 

[16] found out that crushing rock samples of regular geometry featuring ρ > 20°, fc > 0.18 causes the 

formation of two adjacent cracks. When a crack is formed in one of the corners of the sample, the 

diagram is described by an increasing stress curve that exceeds the stress limits in adjacent corners and 

causes the development of a second crack. 
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4. Conclusion 

1. Prof. L.I. Baron identified five forms of fracture during uniaxial compression of rock samples of 

regular geometry and the trajectories of crack development, in which they align with their corner 

points. We have also discovered a spall fracture in the form of a single crack emerging from the lateral 

surface on high samples. 

2. A method has been developed for creating stress-strain diagrams for high rock samples using 

four rock properties (k, ƒc, μ, Е). 

3. The “stress-strain” diagram of the spall fracture of high samples is described by a descending 

curve, which is typical for the fracture diagrams of two adjacent cracks of samples of regular geometry 

with their truncated-wedge fracture. 

4. The maximum stresses required for the destruction of high rock samples are lower than those for 

the destruction of rock samples of the regular geometry with the same properties. 
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